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We study theoretically the resistance at the interface between the two planar systems with different
lattice constants a and b. The resistance and the effect of the magnetic field depends sensitively on
the ratio a/b. The size of the enlarged unit cell λ = nAa = nBb (nA, nB : integers) is the crucial
quantity, and the magnetic flux penetrating this enlarged unit cell determines the oscillation of the
resistance. Therefore, the magnetoresistance is very much enhanced at (nearly) incommensurate
relation between a and b.
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Interfaces between different materials are the sources
of rich physics and functions. Novel phenomena emerge
that are not expected from each of the constituents [1].
One example is a two dimensional metallic state appear-
ing at the interface between two insulators LaAlO3 and
SrTiO3 [2]. Even superconductivity appears in this two-
dimensional system, which is an issue of recent intensive
interests [1]. Another example is the tunneling magne-
toresistance (TMR) [3]. The resistance across the inter-
face between the two ferromagnets depends strongly on
the relative direction of the magnetizations. Therefore,
transport properties perpendicular to the interface offer
many useful functions for applications.
An essential nature of interfaces between different sys-
tems is the misfit of the lattice constants, which often
causes the distortion of the lattice structure to relax this
misfit when it is not so large. In this case, the lattice
constants slowly change from the interface to the bulk re-
gion, and correspondingly electrons adiabatically follow
this gradual change. When the misfit is larger, on the
other hand, the system can not remedy this misfit and
an incommensurate situation occurs at the interface.
Incommensurate systems attract recent attention from
the viewpoints of charge/spin density waves [4], localiza-
tion of wavefunctions [5], and quasi-crystals [6]. In these
systems, incommensurability occurs in the bulk states,
which is rather exceptional or special cases. On the other
hand, the incommensurability occurs very often at inter-
faces since there is no definite relation between the lattice
constants of the two systems.
In this paper, we study theoretically the tunneling
conductance across the interface between the two two-
dimensional systems A and B with lattice constants a
and b, respectively. The ratio a/b matters significantly
in this tunneling process, and also its sensitivity to an
external magnetic field.
Let us start with the two one-dimensional chains A and
B. The extension to two-dimensions is straightforward.
We assume two chains have the same length L. The
number of sites in chain A and in chain B are NA and
FIG. 1: The upper panel indicates two chains in the real
space. One chain has the lattice constant a, and the other
chain has the lattice constant b, which are placed in a mag-
netic field. The smallest periodic part is constructed from
nA sites of chain A and nB sites of chain B, i.e., the size of
the enlarged unit cell λ is given by λ = anA = bnB . GAB is
the number of this enlarged unit cell and hence is the great-
est common divisor of NA and NB , i.e., NA = nAGAB and
NB = nBGAB , and L = GABλ. The bottom panel indicates
the momentum space of chain A and chain B. The Brillouin
zones of A and B are discretized by the same unit 2π/L, while
the sizes are different. The Brillouin zones are decomposed
into nA and nB parts by
2pi
λ
.
NB, which are determined from L = aNA = bNB. We
assume that two chains are parallel to x-direction with
the separation c, and the tunneling amplitude between
the nth site in chain A and the mth site in chain B is
given by
tnm = tABe
iBc an+bm
2
(
e−
|an−bm|
d + e−
L−|an−bm|
d
)
. (1)
Here d characterizes the spatial extent of the tunnel-
ing process. Two chains are placed in a magnetic field,
which is perpendicular to the plane including two chains.
The magnetic field induces AB phase (Aharanov-Bohm
phase). We choose the gauge as A = (0, Bx).
2We rewrite Eq. (1) by wavenumber representation as
tkp =
1√
NANB
∑
nm
tnme
−i 2pik
NA
n+i 2pip
NB
m
, (2)
where the wavenumbers are specified by the integers k
and p. The lattice constant λ of the composite system of
A and B is given by λ = anA = bnB, where we define as
nA =
NA
GAB
and nB =
NB
GAB
. GAB is the greatest common
divisor of NA and NB, and is the number of the unit
cells with the lattice constant λ, i.e., L = GABλ. The
translational symmetry by λex leads to the conservation
of wave numbers by mod 2pi
λ
. The Brillouin zones are
decomposed into nA and nB parts by
2pi
λ
.
The summations in Eq. (2) can be carried out (See in
the appendix) and tkp is obtained as
tkp =
GAB√
NANB
δGAB (k − p− 2M) f (k −M,p+M)
(3)
f (k, p) =
(
1− e−Ld
)
sinh
(
ξ
d
)
cosh
(
ξ
d
)
− cos
(
2pixA
NA
k − 2pixB
NB
p
) . (4)
δGAB is defined as
δGAB (k − p) =
{
1 k − p = 0 mod GAB
0 otherwise.
(5)
Equation (5) represents the wavenumber conservation. ξ
is the characteristic length of this system, which is repre-
sented as ξ = L
LAB
= b
nA
= a
nB
. xA and xB are solutions
of the Diophantine equation nBxA − nAxB = 1. This
equation has an integer solution because nA and nB are
coprime. (xA + mnA, xB + mnB) is also the solution,
where m is an arbitrary integer, but this indefiniteness
is not concerned with Eq. (3) because of Eq. (5). Equa-
tion (4) represents the interference in the periodic part.
We consider the resistance at an interface between
the two-dimensional systems A and B, which are the
straightforward generalization of the above chain system.
The conductance g per one enlarged unit cell is repre-
sented as
g =
G
G2AB
=
1
n2An
2
B
nA−1∑
kx,ky=0
nB−1∑
px,py=0
σnAnBkp (b). (6)
We take a limit GAB →∞, and
σnAnBkp (b) =
∫ 1
0
dx
∫ 1
0
dyF
(
k + x+
b
2
,p+ x+
b
2
)
× δ
(
ξA
(
2π
nA
(k + b+ x)
))
δ
(
ξB
(
2π
nB
(p+ x)
))
.
(7)
with
F (k,p) = |tABfC (kx, px) fC (ky, py)|2 (8)
fC (k, p) =
sinh
(
ξ
d
)
cosh
(
ξ
d
)
− cos
(
2pixA
nA
k − 2pixB
nB
p
) . (9)
b is the dimensionless magnetic flux penetrating the en-
larged unit cell, i.e., Bcλ = 2πb. The resistance R per
the unit area is given by R = λ
2
g
, which is the physical
quantity of our main interest.
First, we study the lattice constant λ of the enlarged
unit cell. 1
λ
change radically as the ratio a
b
= nB
nA
=
NB
NA
. Particularly, 1
λ
indicates a fractal architecture with
fixed NA, if NA is a power of a prime number. We
show this relation in Fig. 2 with the fixed lattice con-
stant a of chain A. The upper left panel indicates the
global behavior of 1
λ
v.s. a
b
= NB
NA
, and the rest pan-
els show the graphs for selected NB
NA
with fixed NA =
210, 38, 64. When NA = 2
10, 38, it shows clear frac-
tal structures, while it shows a complex structure when
NA = 6
4. When NA = p
n where p is a prime num-
ber, 1
λ
is given by the following calculations. We define
Si =
{
pn−i, 2pn−i, · · · (pi − 1) pn−i} (i = 1, 2, · · ·n) and
Pi = Si − Si−1 (i = 1, 2, · · ·n), where we set S0 = φ
(empty set). The relation between λ and NB
NA
is specified
as
1
λ
=
1
api
(10)
when NB ∈ Pi. This relation and the definition of Pi
generate the fractal structure scaled by 1
p
. When NA is
not a power of a prime number, this fractal structure is
not there, but 1
λ
shows a highly singular behavior as a
function of a
b
as shown in panels (a) and (d) of Fig. 2.
Next, we consider the magnetic field dependence of
R to see the proper scaling for B. In a limiting case
d→ 0, the hopping amplitude is finite only between sites
whose x-coordinates and y-coordinates are the same. In
this limit, F = 1 and it is clear that the resistivity has
the period ∆bi = 1, which is independent of (nA, nB).
From Bcλ = 2πb, the resistivity of the misfit interface
is enhanced for larger λ (or nA, nB), i.e., (nearly) incom-
mensurate case. In this case, ξ = a
nB
is small, so we
cannot assume ξ ≫ d. Then there is a crossover from
d → 0 ≪ ξ to d ≫ ξ, and the interference in the peri-
odic part F occurs in the latter case where the period of
the conductivity becomes ∆bi = 2lAB, where lAB is the
least common multiple of nA and nB. However, as will
be seen for explicit examples, the variation of R occurs
within the scale of ∆bi = 1 even for d≫ ξ.
We estimate the behavior of R with λ in the limiting
cases. In a limiting case d → 0, one enlarged unit cell
has one pair of sites connected by the finite hopping am-
plitude, and hence R grow as ∝ λ2. When d ∼= a ∼= b,
3FIG. 2: The variation of 1
λ
(λ the size of the enlarged unit
cell) as a function of a
b
= NB
NA
: Panel (a) indicates the global
behavior while the rest panels (b),(c), and (d) indicate 1
λ
for
selected a
b
= NB
NA
with fixedNA = 2
10, 36, and 64, respectively.
When NA = 2
10, 36, it show fractal structures, but it shows a
complex structure when NA = 6
4.
which is more relevant to the realistic systems, there are
many finite hopping amplitudes between sites in one en-
larged unit cell, and the number of site in each chain does
not becomes important. The hopping amplitude per area
does not change with λ and the scale of R is nearly con-
stant although the magnetic field dependence is sensitive
to λ. In the extreme case a≪ b, on the other hand, the
situation is similar to the case of d = 0, and R is expected
to grow with ∝ λ2.
Now, let us study a concrete example. We assume the
simplest tight binding model on a square lattice both for
A and B as ǫA(B) (k) = cos kx+cosky with the chemical
potential at µ = 0, and the magnetic field is along the
x-axis, i.e., by = 0. From Eq. (6) and Eq. (7), we can
obtain the analytic form of the conductivity as given in
the appendix. In the following calculations, we fix the
lattice constant of A as a = 1 and set
t2AB
2pi2 = 1.
In this model, the Fermi surfaces is straight line as
indicated in Fig. 3. At the misfit interface, the Brillouin
zone is reduced to nA × nA (nB × nB) parts by 2piλ . The
segmented pieces of the Fermi surfaces are determined by
the parity of nA (nB). This even-odd effect is a special
properties of the linear Fermi surfaces. In Fig. 3, we
indicate two examples, i.e., cases of nA = 2 and 3.
We now consider the resistance R as a function of the
magnetic field Bx and the dimensionless magnetic flux
bx. The resistance R at Bx = bx = 0 reflect the even-odd
FIG. 3: The Fermi surface for ǫA(B) (k) = cos kx+cos ky: The
Fermi surfaces are indicated by red lines. Due to the folding of
the 1st Brillouine zone (BZ), the Fermi surface is segmented
into smaller pieces in the reduced BZ, which depends on the
parity of nA (nB). We show two examples nA = 2 and 3 at
the right panel for even and odd nA(nB), respectively.
FIG. 4: Resistance per unit area R for d = 0: The panels (a1)
and (b1) shows R as a function of bx while (a2) and (b2) as
a function of Bxac
2pi
. Panels (a1) and (a2) are for (nA, nB) =
(2, 1), while (b1) and (b2) are for (nA, nB) = (50, 49). R
depends on the magnetic field through the flux penetrating
the enlarged unit cell. and when λ is large, R oscillates as
Bxac
2pi
more rapidly and the maximum value becomes larger as
∝ λ2 as shown in Fig.6(b1).
effect of the Fermi surfaces. When both nA and nB are
odd, R = 0 for integer values of bx. On the other hand,
when either nA or nB is even, R = 0 at bx = integer+
1
2 .
Strictly speaking, R = 0 means the diverging g and hence
the perturbation theory with respect to tAB does not
work there. This divergence has two origins, i.e., the
Van Hove singularity and the fact that the forms of the
Fermi surface of ǫA and ǫB are the same.
At first, we consider a limiting case d → 0. The be-
havior of the resistance R depends on the parity of nA
and nB, which reflects the even-odd effect of the Fermi
4FIG. 5: Resistance per unit area R for d = a: The panels
(a1) and (b1) shows R as a function of bx while (a2) and (b2)
as a function of Bxac
2pi
. Panels (a1) and (a2) are for (nA, nB) =
(2, 1), while (b1) and (b2) are for (nA, nB) = (50, 49).
surfaces. The maximum value of R changes radically in
each nA and nB, which will be discussed later. R has
the period from bx = 0 to bx = 1, and indicates a similar
behavior to bx for all (nA, nB) except for the even-odd
effect. When either nA or nB is even, the bx is shifted
by 12 . bx is the dimensionless magnetic flux penetrating
the enlarged unit cell, which is scaled in an appropriate
manner in each case as Bxcλ = 2πbx. The larger λ be-
comes, R oscillates more rapidly as Bx. The panels (a1)
and (b1) of Fig. 4 show R as a function of bx, while (a2)
and (b2) shows R as a function of Bxac2pi . Panels (a1) and
(a2) are for (nA, nB) = (2, 1), while (b1) and (b2) are for
(nA, nB) = (50, 49). If λ become bigger, the resistivity
R oscillate as Bxac2pi more rapidly.
Next, we consider a finite d = a. The behavior of the
resistance R is not determined only by the parity of nA
and nB, but it is different in each nA and nB because of
the interference term F . The periodicity of R changes
from ∆bx = 1 to ∆bx = 2lAB, but the bx-value at which
R = 0 remains unchanged from the case of d = 0. The
panels (a1) and (b1) of Fig. 5 show R as a function of bx,
while (a2) and (b2) as a function of Bxac2pi . Panels (a1)
and (a2) are for (nA, nB) = (2, 1), while (b1) and (b2)
are for (nA, nB) = (50, 49). In the similar way to the
case of d = 0, the larger λ become, the R oscillates as
bx changes of the order of 1 and hence more rapidly as a
function of Bxac2pi .
Establishing the enhanced magnetoresistance by λ, we
next discuss the maximum value of the resistance Rmax
in the region 0 ≤ Bxac ≤ 2π. Rmax indicates a singular
FIG. 6: The maximum value of the resistance R in the range
of 0 ≤ Bxac ≤ 2π as a function of
a
b
= NB
NA
for d = 0 ((a1))
and d = a ((a2)), respectively. This complex relations are
cleanly organized as a function of λ, which are shown in (b1)
and (b2). The black solid lines are the guide to the eyes (slope
2) for the asymptotic relation R ∝ λ2.
behavior as a function of a
b
= NB
NA
in (a1) and (a2) of
Fig. 6 for two cases d = 0 and d = a, respectively. Both
show the rather complex and singular behavior, but these
are neatly organized as a function of λ as shown in (b1)
and (b2) of Fig. 6. When d→ 0 (((b1)), Rmax increases
as λ as expected for all the regions of a/b (asymptotically
λ2 in the large λ limit). For d = a (((b2)), on the other
hand, Rmax stays almost constant and independent of λ
for a ∼= b, while it approaches to the behavior of d = 0 as
a/b decreases.
Now we discuss about the relevance of the present re-
sults to real systems. The disorder effect at the inter-
face gives the mean free path ℓ. When the size λ of the
enlarged unit cell is larger than ℓ, the singular depen-
dence on a/b is broadened. In other words, the enhance-
ment of the magnetoresistance saturates by the factor
∼min(ℓ, λ)2. The most relevant case to the real systems
is that a ∼= b and d ∼= a. In this case, the scale of the re-
sistance R per unit area does not sensitively depends on
the ratio a/b, while the magnetoresistance is determined
by λ and depends strongly on the ratio a/b in a singu-
lar way. The essence of the enhanced magnetoresistance
is the sensitive change in the interference pattern of the
wavefunctions within the enlarged unit cell induced by
the magnetic flux, it is expected that the magnetic field
perpendicular to the interface also gives the similar effect
to the parallel case discussed in the present paper.
In summary, we have studied the magentoresistance at
the interface with misfit of lattice constants. We found
that resistance R depends on the ratio a/b of the two
5lattice constants in a singular way, and the size λ of the
enlarged unit cell determines the magnitude of the mag-
netoresistnce, which can he enhanced orders of magni-
tudes when a/b is a (nearly) irrational number.
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detail calculations of Eq. (3)
In this appendix, we show detail calculations of Eq. (3). We write Eq. (1) by wave-number representation as
tkp =
1√
NANB
∑
nm
tnme
−i 2pik
NA
n+i 2pip
NB
m
(11)
=
tAB√
NANB
∑
nm
e
−i 2pin
NA
(k−M)+i 2pim
NB
(p+M)
(
e
− L
LABd
|nBn−nAm| + e
−L
d
+ L
LABd
|nBn−nAm|
)
(12)
,where we use a = 1
nA
L
GAB
and b = 1
nB
L
GAB
. At first, we decompose the summations into nA and nB parts by GAB ,
tkp =
tAB√
NANB
GAB−1∑
mAmB=0
nA−1∑
x=0
nB−1∑
y=0
e
− L
LABd
|nAnB(mA−mB)+nBx−nAy|−i
2pi(nAmA+x)
NA
(k−M)+i
2pi(nBmB+y)
NB
(p+M)
(13)
+
tAB√
NANB
GAB−1∑
mA,mB=0
nA−1∑
x=0
nB−1∑
y=0
e
−L
d
+ L
LABd
|nAnB(mA−mB)+nBx−nAy|−i
2pi(nAmA+x)
NA
(k−M)+i
2pi(nBmB+y)
NB
(p+M)
. (14)
We define y− = max {y : nBx > nAy} and rearrange the order of the summations, which begins at y−, by making use
of periodicity. It is specified as
tkp =
tAB√
NANB
GAB−1∑
mA=0
nA−1∑
x=0
NB−1∑
y=0
e
− L
LABd
(nA(y+y−+1)−nBx)−i
2pi(mAnA+x)
NA
(k−M)+i
2pi(mAnB+y−+1+y)
NB
(p+M)
(15)
+
tAB√
NANB
GAB−1∑
mA=0
nA−1∑
x=0
NB−1∑
y=0
e
−L
d
− L
LABd
(nBx−nA(y+1+y−))−i
2pi(mAnA+x)
NA
(k−M)+i
2pi(mAnB+y−+1+y)
NB . (16)
Here, the summations over mA and y is easily carried out. tkp becomes
tkp = tAB
δGAB (k − p− 2M)√
nAnB
1− e−Ld
1− e−
LnA
LABd
+i 2pi
NB
(p+M)
nA−1∑
x=0
e
− L
LABd
(nA(y−+1)−nBx)−i
2pix
NA
(k−M)+i
2pi(y−+1)
NB
(p+M)
(17)
− tAB δGAB (k − p− 2M)√
nAnB
1− e−Ld
1− e
LnA
MABd
+i 2pi
NB
(p+M)
nA−1∑
x=0
e
− L
LABd
(nBx−nA(1+y−))−i
2pix
NA
(k−M)+i
2pi(y−+1)
NB
(p+M)
. (18)
We define l as l = L
LAB
= b
nA
= a
nB
. y− is equal to the quotient of nBx divided by nA. We denote the remainder as
∆x, i.e., nBx = nAy− +∆x. We write tkp by ∆x and k − p− 2M = nGAB,
tkp = tAB
δGAB (k − p− 2M)√
nAnB
1− e−Ld
1− e− bd+i 2piNB (p+M)
e
− b
d
+i 2pi
NB
(p+M)
nA−1∑
x=0
e
−i 2pix
nA
n+
(
l
d
−i 2pi
LAB
(p+M)
)
∆x
(19)
− tAB δGAB (k − p− 2M)√
nAnB
1− e−Ld
1− e bd+i 2piNB (p+M)
e
b
d
+i 2pi
NB
(p+M)
nA−1∑
x=0
e
−i 2pix
nA
n−
(
l
d
+i 2pi
LAB
(p+M)
)
∆x
. (20)
We define xA and xB as solutions of the Diophantine equation, which is expressed as
nBxA − nAxB = 1. (21)
6This equation has a integer solution because nA and nB are coprime. The general solutions of this equation is
represented as (xA + mnA, xB + mnB), where m is an arbitrary integer. Thus XA = ∆xxA + mnA and XB =
∆xxB +mnB are satisfied with
nBXA − nAXB = ∆x. (22)
There is one-to-one correspondence between x = 0, 1 · · ·nA − 1 and ∆x = 0, 1 · · ·nA − 1 because nA and nB are
coprime. ∆x is represented as ∆x = ∆xxA+mnA where m is dependent on x. The summation over x is transformed
into the summation over ∆x,
tkp = tAB
δGAB (k − p− 2M)√
nAnB
1− e−Ld
1− e− bd+i 2piNB (p+M)
e
− b
d
+i 2pi
NB
(p+M)
nA−1∑
∆x=0
e
(
l
d
−i 2pi
LAB
(p+M)−i 2pin
nA
xA
)
∆x
(23)
− tAB δGAB (k − p− 2M)√
nAnB
1− e−Ld
1− e bd+i 2piNB (p+M)
e
b
d
+i 2pi
NB
(p+M)
nA−1∑
∆x=0
e
−
(
l
d
+i 2pi
LAB
(p+M)+i 2pin
nA
xA
)
∆x
. (24)
After the summation over ∆x and some calculations, tkp become
tkp = tAB
δGAB (k − p− 2M)√
nAnB
(
1− e−Ld
) sinh ( l
d
)
cosh
(
l
d
)− cos( 2pi
LAB
(p+M) + 2pin
nA
xA
) . (25)
Eq. (3) is given by arranging Eq. 25 into the symmetric form by using k − p− 2M = nGAB, which is
tkp =
tAB√
nAnB
δGAB (k − p− 2M)
(
1− e−Ld
) sinh ( l
d
)
cosh
(
l
d
)− cos(2pixA
NA
(k −M)− 2pixB
NB
(p+M)
) . (26)
detail calculations of Eq. (6) and Eq. (7)
In this appendix, we show detail calculations of Eq. (6) and Eq. (7). We assume that the tunneling amplitude
between two lattices is the multiple of two copies of Eq. (1). The wave-number representation of the tunneling
amplitude also become the multiple of two copies of Eq. (3), because calculations can be carried out independently
in x- and y-directions. It is specified as
tkp = tAB
f2D (k −M ,p+M)
nAnB
δ2GAB (k − p− 2M) (27)
f2D (k,p) = f (kx, px) f (ky, py) (28)
δ2GAB (k − p) = δGAB (kx − px) δGAB (ky − py) . (29)
The conductance between two lattices is calculated from
G =
∑
kp
|tkp|2 δ
(
ǫA
(
2π
NA
k
))
δ
(
ǫB
(
2π
NB
p
))
. (30)
ǫA(B) is the energy dispersion for lattice A(B), which are periodic by 2π. The Brillouin Zones are similarly decomposed
into nA × nA parts and nB × nB parts by new wave-number conservations by translational symmetries by λex and
7λey. Eq. (30) is transformed into the more meaningful form by the following calculations.
G =
t2AB
n2An
2
B
NA−1∑
kx,ky=0
NB−1∑
px,py=0
δ2GAB (k − p− 2M) |f2D(k −M ,p+M)|2 δ
(
ξA
(
2π
NA
k
))
δ
(
ξB
(
2π
NB
p
))
=
t2AB
n2An
2
B
nA−1∑
nx,ny=0
NB−1∑
px,py=0
|f2D(p+M + nGAB ,p+M)|2 δ
(
ξA
(
2π
NA
(nGAB + p+ 2M)
))
δ
(
ξB
(
2π
NB
p
))
=
t2AB
n2An
2
B
nA−1∑
nx,ny=0
GAB−1∑
ix,iy=0
nB−1∑
mx,my=0
|f2D(GABm+ i+M +GABn, GABm+ i+M)|2
× δ
(
ξA
(
2π
NA
(GABn+GABm+ i+ 2M)
))
δ
(
ξB
(
2π
NB
(GABm+ i)
))
=
t2AB
n2An
2
B
nA−1∑
nx,ny=0
GAB−1∑
ix,iy=0
nB−1∑
mx,my=0
|f2D(GABn+ i+M , GABm+ i+M)|2
× δ
(
ξA
(
2π
NA
(GABn+ i+ 2M)
))
δ
(
ξB
(
2π
NB
(GABm+ i)
))
=
G2AB
n2An
2
B
nA−1∑
nx,ny=0
nB−1∑
mx,my=0
σnAnBnm (M)
with
σnAnBkp (M) =
t2AB
G2AB
GAB−1∑
ix,iy=0
|f2D(GABk + i+M , GABp+ i+M)|2 δ (ξA (GABk + i+ 2M)) δ (ξB (GABp+ i)) (31)
Here, we take a limit GAB →∞. Each term is replaced by 2piGAB i→ 2πx and 4piGABM → 2πb,
σnAnBkp (M)→
∫∫
I2
d2xF
(
k + x+
b
2
,p+ x+
b
2
)
δ
(
ξA
(
2π
nA
(k + b+ x)
))
δ
(
ξB
(
2π
nB
(p+ x)
))
with
F (k,p) = |tABfC (kx, px) fC (ky, py)|2
fC (k, p) =
sinh
(
l
d
)
cosh
(
l
d
)− cos( 2pixA
nA
k − 2pixB
nB
p
)
I2 = [0, 1]× [0, 1].
detail calculations of the concrete example
In this section, we calculate the conductivity of the concrete example, i.e., ǫA(B) (k) = cos kx + cos ky and by = 0.
The conductivity is calculated from
σnAnB =
nA−1∑
kx,ky=0
nB−1∑
px,py=0
∫∫
I2
d2x
F
(
k + x+ bxex2 ,p+ x+
bxex
2
)
n2An
2
B
δ
(
ǫA
(
2π
nA
(k + bex + x)
))
δ
(
ǫB
(
2π
nB
(p+ x)
))
.
The calculation is done by the simple and straightforward method. We carry on the delta functions by the rule
δ (g (x)) =
∑
i
δ (x− xi)
|g′ (xi)| (32)
8one by one, where xi is the ith zero point of g (x). The result is
σnAnB =
1
4π2nAnB
nA−1∑
kx=0
nB−1∑
px=0
(G (2kx, 2px) +G (2kx + 1, 2px + 1)) (33)
G (kx, px) =
F
(
kx+∆
2 ,
px+∆
2 ,
kx+∆−nA+bx
2 ,− px+∆−nB+bx2
)
∣∣∣sin( pinA (kx + bx +∆)
)
sin
(
pi
nB
(px − bx +∆)
)∣∣∣ (34)
with ∆ = nA+nB2 −
⌊
nA+nB
2
⌋
. In the limit d→ 0, The conductivity is summarized into the simpler form as
σnAnB =
1
2π2nAnB
nA−1∑
kx=0
nB−1∑
px=0
1∣∣∣sin( pinA (kx +∆+ bx)
)
sin
(
pi
nB
(px +∆− bx)
)∣∣∣ (35)
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